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We show how binomial and trinomial tree methods 
can be extended to value many types o f  options with path- 
dependent payofs. Ourfirst example is a Iookback put 
option, whose payof is a function o f  the maximum stock 
price realized during the option’s I@. Because the total num- 
ber ofalternatives at a node is nevergreater than the number 
o f  time steps, it is feasible to roll back through the tree and 
price the option at each node for  every maximum stock price 
that could be realized up to that time. 

Derivatives such as Asian options based on the 
arithmetic average stock price present a more dficult prob- 
lem, because the number ofaverage stock prices that might be 
realized between time zero and a node can be very large. In 
that case, at each node we price the option for  a predeter- 
mined representative set of values f o r  the path-dependent 

function - the average, in this case - and interpolate to 
calculate option values as required. 

Our results show that using the procedure to value 
Asian options is more accurate than a numerical approxi- 
mation technique proposed in the literature, and is consid- 
erably faster than Monte Carlo simulation. Moreover, it 
can be used for  both American and European options. We 
also illustrate applying the procedure to value mortgage- 
backed securities. 

esearchers during the last twenty years have 
devoted considerable attention to the 
development of efficient numerical proce- R dures for pricing options when analytic 

results are not available. A popular procedure suggest- 
ed by Cox, Ross, and Rubinstein [1979] (CRR) rep- 
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resents movements in the asset price in the form of a 
binomial tree. Another proposed by Boyle [1977] uses 
Monte Carlo simulation. 

The CRR procedure invol!ves working back- 
ward in time, evaluating the price of the option at 
each node of the tree. It can handle American-style 
options, but so far has not been used in many situa- 
tions where payoffs depend on the history of the asset 
price as well as its current value. 'This is because the 
history of the asset is not known when calculations are 
carried out at a node. 

Monte Carlo simulation by contrast involves 
working forward, simulating paths for the asset price. 
It can handle options where the payoff is path-depen- 
dent, but it cannot handle American options, because 
there is no way of knowing whether early exercise is 
optimal when a particular stock price is reached at a 
particular time. 

We show how tree approaches such as CRR 
can be extended to value some types of path-depen- 
dent options. One  interesting application is to 
European and American options on the arithmetic 
average price of an asset, so-called Asian options. No 
numerical procedures have up to now been available 
for American options on the average price of an 
asset. For European average price options, the 
approach we describe is faster than Monte Carlo 
simulation and more accurate than the lognormal 
approximation suggested by Levy [1990] and 
Turnbull and Wakeman [1991]. A second application 
is to the valuation of mortgage-backed securities and 
indexed-principal swaps. 

I. THE FIRST EXTENSION OF CRW 

We begin by assuming that the value o f a  
derivative security at time t is a function o f t ,  the 
price of the underlying asset, S, and some function of 
the path followed by the asset price between time zero 
and time t, F(t, S). The notation is as follows: 

S(t): 
F(t, S):  

Price of the asset at time t 
Function of the path followed by S 
between time zero and lime t that under- 
lies the price of the derivative security 

v(S, E t): Value of the derivative security at time t 
when the asset price is S and the path 

finction has value F 
Esk-free interest rate (assumed constant) 
Life of the derivative security 

r: 
T: 

The principle of risk-neutral valuation shows 
that the value of the derivative security is independent 
of the risk preferences of investors. This means that 
we may with impunity assume that the world is risk- 
neutral. We suppose that the process followed by S in 
a risk-neutral world is geometric Brownian motion: 

dS = pS dt + OS dz 

where p, the drift rate, and 0, the volatility, are con- 
stant. (When the asset is a non-dividend-paying stock, 
p = r; if the stock pays a continuous proportional div- 
idend at an annual rate 6, p = r - 6; when the asset is a 
foreign currency, p is the excess of the domestic risk- 
free rate over the foreign risk-free rate; and so on.) 

This process can be represented in the form of 
a Cox, Ross, and Rubinstein [1979] binomial tree, 
where the life of the option is divided into n time 
steps of length At (At = T/n). In time At the asset 
price moves up by a proportional amount u with 
probability p, or down by a proportional amount d 
with probability 1 - p, where 

=E ,a&. 1 , d = -  
u 

a - d  a = p = -  
U - d  

For example, suppose that T is three months, 
S(0) is 50, o is 40% per year, and r is 10% per year. 
Exhibit 1 shows the tree obtained with only three 
time steps (At = 0.0833). In this case u = 1.1224, d = 
0.8909, a = 1.0084, and p = 0.5073. 

In general there are i + 1 nodes at time iAt in a 
tree such as Exhibit 1.  We denote the lowest node at 
time iAt by (i, 0), the second lowest by (i, l), and so 
on. The value of S at node (i, j) is S(O)dd'-j (j = 0, 1, 
..., i); at node B in Exhibit 1 [that is, node (3, 2)], the 
value of S is 50 X 1.12242 X 0.8909 = 56.12. 

If we were valuing a regular option, we 
would work back from the end of the tree in 
Exhibit 1 to the beginning, calculating a single 
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option value at each node. To value a path-depen- 
dent option, one approach is to value the option at 
each node for all alternative values of the path func- 
tion F(t, S) that can occur. 

There are two requirements for this method to 
be feasible: 

1. It must be possible to compute F(t + At, S) from 
F(t, S) and S(t + At). This means that the path 
function is Markov. 
The number of alternative values of F(t, S) must 
not grow too fast with the size of the tree. 

2. 

We denote the kth value of F at node (i, j) by 
Fij,k, and define v.. as the value of the security at 
node (i, j) when F has this value. The value of the 
derivative security at its maturity, v " ~ , ~ ,  is known for 
all j and all k. To calculate its value at node (i, j) 
where i n, we note that the stock price has a proba- 
bility p of moving up to node (i + 1, j + l), and a 
probability 1 - p of moving down to node (i + 1, j). 

We suppose that the kth value of F at node (i, j) 
leads to the kuth value of F at node (i + 1, j + 1) when 
there is an up movement in the stock price, and to the 
k,th value of F at node (i + 1, j) when there is a down 
movement in stock price.' For a European-style deriva- 
tive security, this means that 

I J , ~  

If the derivative can be exercised at node (i, j), the 
value in Equation (1) must be compared with the 
early exercise value, and vij,k must be set equal to the 
greater of the two. 

We illustrate the approach by considering a 
three-month American lookback put option on the 
non-dividend-paying stock portrayed in Exhibit 1. 
This pays off the amount by which the maximum 
stock price observed during the option's life exceeds 
the asset price at the time of exercise. We set F(t, S) 
equal to the maximum stock price realized between 
time zero and time t. 

Exhibit 2 shows the results of the rollback cal- 
culations. The top number at each node is the stock 
price. The next row of numbers shows the alternative 
values of F at the node. The final row of numbers 

EXHIBIT 1 
THE GRR TREE FOR STOCK BRICE MOVEMENTS 

70.70 

50.00 

62.99 

56.12 / \ 56.12 

44.55 m, P 
50.00 

44.55 

pJ 

39.69 / PI\ 
35.36 

pJ 
The initial stock price is $50; the time step is one month; the con- 
tinuously compounded risk-fiee interest rate is 10% per year; and 
the volatility is 40% per year. The probability of an up-movement 
at each node is 0.5073 and the probability of a down-movement is 
0.4927. At each node, the values of (i, j) are shown within the 
box. The stock price is shown above the box. 

shows the corresponding values of v. 
Look at nodes A, B, and C to see the way the 

tree is used. At node A [that is, node (2, l)], the value 
of F, the maximum stock price to date, is either 56.12 
or 50.00. That is, 

F2,',' = 56.12; F2,1,2 = 50.00 

Similarly, for node B [that is, node (3, 2)] and node C 
[that is, node (3, l)], we obtain 

F3,2,1 = 62.99; F3,2,2 = 56.12 

F3,1,1 = 56.12; F3,1,2 = 50.00 

The payoff at node B when F = 62.99 is the 
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EXHIBIT 2 
TREE FOR VALUING AN AMERICAN LOOKBACK ]PUT 
OPTION ON A STOCK PRICE 

70.70 
70.70 

62.9 / 0.00 

that we move from node A to node B, F changes from 
50.00 to 56.12. In the notation of :Equation (l), this 
means that k, = 2. If there is a down-movement, so 
that we move from node A to node C, F stays at 
50.00. In the notation of Equation (l), this means that 
kd = 2. 

According to Equation (l), the value of being 
at node FL when F = 50 is 

!.A 

50.00 
10.31 35.36 

50.00 
14.64 

\ 
The payoff &om the option is the amount by which the maxi- 
mum stock price achieved to date exceeds the current stock price. 
The tree has three time steps. The tree parameters are as in Exhibit 
1. The upper number at each node is the stock price; the middle 
numbers are the alternative values for the maximum stock price to 
date; the lower numbers are the corresponding option prices. 

Example of calculations: Consider node A when the maximum 
stock price is 50. There is a probability 0.5073 that the stock 
price will move up to 56.12. In this case the maximum stock 
price is 56.12, and the payoff is zero. There is a probability 
0.4927 that the stock price will move down to 44.55. In this case, 
the maximum stock price remains at 50, and the payoff is 5.45. 
With an interest rate of 10% and a time step of one month, the 
value of being at node A when the maximum is 50 is therefore 
(0.5073 X 0 + 0.4927 X 5.45)e4.08333x0.1 = 2.66. 

excess of 62.99 over the current stock price: 

v ~ , ~ , ~  = 62.99 - 56.12 = 6.87' 
Similarly v3,2,2 = 0. At node C we obtain 

v = 11.57; v3,1,2 = 5.45 3 J J  

Consider now the situation :at node A when F 
= 50.00 (that is, k = 2). If there is am up-movement so 

[v :~ ,~ ,~  x 0.5073 + v3 
= (0 x 0.5073 + 5 . 4 5 ' ~  0.4927)e4.'x0.08333 
= 2.66 

X 0.4927]e-0.'x0.08333 

Clearly it is not worth exercising at node A when F = 
50, as the payoff from doing so would be zero. 

A similar calculation for the situation where 
the value of F at node A is 56.12 gives k, = 2 and kd 
= 1. The value of the derivative security at node A, 
without early exercise, is 

x 0.5073 + X 0.4927]e-0.'x0.08333 
= (0 x 0.5073 + 11.57 x 0.4927)e-0.1x0.08333 
= 5.65 

IV3,2,2 

In this case, early exercise is optimal, as it gives a value 
of 6.12. 

Working back through the tree, repeating these 
types of calculations at each node, gives the value of 
the derivative security at time zero as $5.47. 

II. THE SECOND EXTENSION OF CRR 

The approach described is computationally fea- 
sible when the number of alternative F-values at each 
node does not grow too quickly as n, the number of 
time steps, is increased. The example of the lookback 
option presents no problems, because the number of 
alternative values for the maximum or the minimum 
asset price at a node in a binomial tree with n time 
steps is never greater than n. An option on the arith- 
metic average would be very difficult to value using 
this approach, because the number of alternative 
arithmetic averages that can be realized at  a node 
grows very quickly with n. 

An extension to the approach that places no 
constraints on the number of F-values involves com- 
puting v(S, F, t) at a node only for certain predeter- 
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mined values of F, not all of those that can occur. 
The value of v(S, F, t) for other values of F is com- 
puted from the known values by interpolation as 
required. 

We illustrate this approach by using it to calcu- 
late the prices of European and American options on 
the arithmetic average of the stock price. In this case, 
F at a node is defined as the arithmetic average of the 
asset prices from time zero to the node. 

The first step is to choose the values of F for 
which the option prices will be calculated. 
Somewhat arbitrarily we choose to use values that 
have the form 

34.09 36.92 40.00 43.33 46.94 

where h is a constant, and m is a positive or negative 
integer., 

The values of F that are considered at time 
iAt must span the full range of possible Fs at that 
time. This is determined by inspection, using for- 
ward induction. To illustrate the approach, we 
return to the tree in Exhibit 1; now suppose that we 
choose h = 0.1. 

The maximum and minimum averages achiev- 
able at time At are (50.00 + 56.12)/2 = 53.06 and 
(50.00 + 44.55)/2 = 47.275. To cover these, we 
should let m range from -1 to +1 at time At so that 
the “averages” considered are 45.24, 50.00, and 55.26. 
Given that averages of 45.24 and 55.26 are being con- 
sidered at time At, the maximum and minimum aver- 
age that are possible at time 2At are 

(2 x 55.26 + 62.99)/3 = 57.84 

and 

(2 x 45.24 + 39.69)/3 = 43.39 

To cover these we must let m range from -2 to +2 at 
time 2At, so ‘that the averages considered are 40.94, 
45.24, 50.00, 55.26, and 60.07. Similar calculations 
are carried out for later nodes.3 

Equation (1) still holds. The difference is that 

the values of v ~ ~ ~ , ~ ~ ~ . ~ ,  and v ~ ~ ~ , ~ , ~ ,  are not necessarily 

calculated when the nodes at time (i + 1)At are con- 

EXHIBIT 3 
PART OF A TREE FOR VALUING A CALL ~ P T I O N  ON AN 
AVERAGE STOCK PRICE 

I 44.00 I 

Z 
36.36 

34.09 36.92 40.00 43.33 46.94 
0.01 0.50 1.10 1.80 2.80 

At each node we consider certain predetermined values of the 
average. The upper number at each node shows the stock price; 
the middle numbers are the values of the average considered; the 
lower numbers are the values of the option. Node X is assumed 
to be at time 2At; each time step is three months; and the proba- 
bility of an up- or down-movement is 0.5. 

Example of calculations: Consider node X when the average (cal- 
culated from three observations) is 43.33. There is a 0.5 probability 
of moving up to node Y where the average becomes 43.50. Using 
linear interpolation the value of the option is then 3.08. There is a 
0.5 probability of moving down to node Z where the average 
becomes 41.59 and using linear interpolation the value of the 
option is 1.43. The value of the option at node X when the average 
is 43.33 is therefore (0.5 x 3.08 + 0.5 X 1.43)e4.25x0.1 = 2.20. 

sidered. We determine v ~ + ~ , ~ ~ ~ , ~ ,  by interpolating 

between v ~ ~ ~ , ~ + ~ , ~ ,  and v ~ + ~ , ~ ~ ~ , ~ ,  where k, and k, are 

chosen so that Fi t l . j t l .k ,  and Fi+l,j+l,k, are the closest 

values of F to Fi+l,j+l,ku that have the form SOemh and 

determine Vi+l,j,k, similarly. 
Exhibit 3 illustrates the way calculations are 

carried out. We suppose that a stock price has a 0.5 
probabllity of moving from a node X where the stock 
price is 40 to node Y where it is 44, and a 0.5 chance 
of moving from node X to node Z where the stock 
price is 36.36. In this example h = 0.08; the values of 
F considered at node X are 36.92, 40.00, and 43.33; 
and the values of F considered at nodes Y and Z are 
34.09, 36.92, 40.00, 43.33, and 46.94. 

We suppose that the values of v corresponding 
to these values of F are 0.10, 0.90, 1.80, 3.00, and 4.60 
at node Y, and 0.01, 0.50, 1.10, 1.80, and 2.80 at node 
Z. We also assume that the averages at node X are cal- 
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EXHIBIT 4 
VALUE OF &"IONS ON THE AVERAGE PRICE OF A NON-DIVIDEND-PAYING STOCK 

Life of 
Option Strike Price 
f l e a 4  40 45 50 55 60 

0.5 Amer/Bin 12.125 7.261 3.275 1.152 0.322 
Euro/Bin 10.755 6.363 3.012 1.108 0.317 
Euro/LTW 10.764 6.379 3.012 1.094 0.307 
Euro/MC 10.759 6.359 2.998 1.112 0.324 

(0.003) (0.005) (0.007) (0.005) (0.003) 

1 .o Amer/Bin 13.153 8.551 4.892 2.536 1.208 
Euro/Bin 11.545 7.616 4.522 2.420 1.176 
Euro/LTW 11.573 7.652 4.542 2.415 1.159 
Euro/MC 11.544 7.606 4.515 2.401 1.185 

(0.006) (0.008) (0.010) (0.009) (0.007) 

1.5 Amer/Bin 13.988 9.652 6.199 3.771 2.194 
Euro/Bin 12.285 8.670 5.743 3.585 2.124 
Euro/LTW 12.332 8.728 5.786 3.601 2.116 
Euro/MC 12.289 8.671 5.734 3.577 2.135 

(0.008) (0.010) (0.012) (0.012) (0.010) 

2.0 Amer/Bin 14.713 10.623 7.326 4.886 3.171 
Euro/Bin 12.953 9.582 6.792 4.633 3.057 
Euro/LTW 13.021 9.662 6.861 4.675 3.070 
Euro/MC 12.943 9.569 6.786 4.639 3.055 

(0.010) (0.013) (0 .O 14) (0.015) (0 .O 1 3) 

Notes: Initial stock price is 50, the risk-kee interest rate is 10% per year, and the stock price volatility is 30% per year. Averaging is 
between the beginning of the life of the option and the exercise date. Tree calculations are based on forty time steps and a value for h 
equal to 0.005. The Monte Carlo simulations are based on forty time steps and 100,000 trials using the antithetic variable technique. 

Amer/Bin = American option valued using a binomial tree. 
EuroIBin = European option valued. using a binomial tree. 
Euro/LTW = European option valued. using Turnbull and Wakeman approach. 
Euro/MC = European option valued using Monte Carlo simulation. 

The standard errors of the Monte Carlo estimates are shown in parentheses. 

culated over two time steps (using t:hree values of the 
stock price), that each time step is three months, and 
that the risk-free interest rate is 10% per year. 

Consider the calculation of v at node X when F 
= 43.33. There is a 0.5 probability that the stock price 
will move up to node Y, in which case the average 
stock price becomes (3 x 43.33 + 44.00)/4 = 43.50. 
We interpolate to obtain the value of-v for this value of 

E 43.50 is 4.7% of the way between 43.33 and 46.94. 
Our estimate of the value of v at node Y when F = 
43.50 is therefore 3.0 + 0.047 x 1.6 

There is a 0.5 probability that the stock price 
will move down to node Z,  in which case the average 
stock price becomes 41.59. We interpolate between 
1.1 and 1.8 to estimate the value of v at node Z when 
F = 41.59 to be 1.43. The value at node X when F = 

3.08. 
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43.33 is therefore (3.08 x 0.5 + 1.43 x 0.5)e-0.25x0.1 = 
2.20. (This assumes no early exercise.) 

Exhibit 4 shows the results of using this 
approach to  value a variety of American and 

VALUE OF OPTIONS ON THE AVERAGE PRICE OF A 
NON-DIVIDEND-PAYING SToCK AS THE NUMBER OF 
RME STEPS AM) THE VALUE OF H CHANGE 

* -  

European options that pay off 

max[A(t) - X, 01 

where X is the strike price, and A(t) is the arithmetic 
average of the asset price between times 0 and t. 

It also provides Monte Carlo estimates of the 
European option prices. The Monte Carlo simulations 
are based on 40 time steps and 100,000 simulation 
runs, and make use of the antithetic variable tech- 
nique. This is a procedure for controlling sampling so 
as to reduce the standard error of the answer for a 
given number of runs. (The standard error is shown in 
parentheses.) The tree results are based on forty time 
steps and a value for h of 0.005. In all cases, the 
beginning and ending asset prices are included in cal- 
culation of the average. 

The European results for the tree approach and 
for Monte Carlo simulation are very close. The mean 
of the differences between the two is 0.003. 65%, 
90%, and 100% of the Monte Carlo values are within 
one, two, and three standard deviations of the tree 
estimates, respectively. These results do not allow 
rejection of the hypothesis that the tree value is the 
true value. 

Exhibit 4 also shows European option prices 
calculated using the analytic approximation recom- 
mended by Levy [1990] and by Turnbull and 
Wakeman [1991] (LTW), assuming that for the pur- 
poses of calculating the average the stock price is 
observed with the same frequency as for the Monte 
Carlo simulation and tree  result^.^ This procedure, 
which involves calculating the mean and standard 
deviation of the arithmetic average, and then assum- 
ing that the distribution is lognormal, although 
faster, is much less accurate than the procedure we 
propose. 60% of the Monte Carlo values are greater 
than three standard deviations from the LTW esti- 
mate. We can reject the hypothesis that the LTW 
values are the true values. 

Exhibit 5 compares convergence of the tree 
procedure by varying h and the number of time steps 

Option Number of Time Steps 
h m e  20 40 60 80 

0.100 American 5.197 5.311 5.360 5.377 
European 4.663 4.679 4.685 4.687 

0.050 American 4.971 5.080 5.124 5.145 
European 4.588 4.605 4.612 4.614 

0.010 American 4.823 4.906 4.941 4.962 
European 4.517 4.530 4.536 4.539 

0.005 American 4.815 4.892 4.924 4.942 
European 4.513 4.522 4.526 4.529 

0.003 American 4.814 4.890 4.920 4.936 
European 4.512 4.520 4.523 4.525 

Notes: The initial stock price is $50, the strike price is $50, 
the risk-free interest rate is 10% per year, the stock price 
volatility is 30% per year, and the time to maturity is one year. 
Averaging is between the beginning of the life of the option 
and the exercise date. Calculations are carried out using the 
tree approach. 

for the option in Exhibit 4 where X = 50 and T = 1. 
We find our procedure to be at least twelve times as 
fast as Monte Carlo simulation at the same level of 
accuracy. For a given number of time steps, a value of 
h equal to 0.005 gives penny accuracy. 

The number of time steps determines the fie- 
quency with which the asset price is observed in cal- 
culating the average. This affects the option’s fair 
value. An American option is more sensitive to the 
number of time steps than a European option, pre- 
sumably because the number of time steps also deter- 
mines the number of early exercise opportunities. 

The decline in option prices with declining val- 
ues of h can be attributed to the interpolation proce- 
dure. Because option prices are a convex hnction of the 
average, in this case the linear interpolation procedure 
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leads to overpricing that disappears only asymptoti- 
cally. 

III. MORTGAGE-BACKED SE(XRITIES 

An application of our procedures is to the valu- 
ation of mortgage-backed securities (MBS) and 
indexed-principal swaps (IPS). An MBS is a fixed-rate 
debt security whose principal may be paid off prior to 
maturity. The usual assumption is that prepayments at 
a particular time are a function of the prevailing level 
of interest rates. An IPS is a fixed-for floating-interest 
rate swap where the notional principal is reduced 
according to some contractually specified prepayment 
schedule that depends on the level of interest rates. 

For both securities, the value at a particular time 
depends on the level of interest rates and the cumulative 
prepayments so far. Equivalently, it depends on the level 
of interest rates and the outstanding principal. The pro- 
cedures we have outlined can be used with an interest 
rate tree replacing the stock price tree, with F defined 
as the outstanding principal. F satisfies the condition 
that its value at time t + At can be calculated fiom the 
value at time t and interest rates at time t + At. 

The first stage in the valuation of an MBS is to 
develop a prepayment function. This is the function 
that predicts how much of the principal will be pre- 
paid under different circumstances. The function is 
estimated by observing the hstoric behavior of mort- 
gage holders. In most cases, the prepayment function 
used for valuation purposes depends only on the cur- 
rent term structure. 

To value an MBS, it is customary to model the 
evolution of the term structure using Monte Carlo 
simulation and to monitor the prepayments that are 
made on each run. Then the cash flows are discount- 
ed back down the interest rate path that has been sim- 
ulated, in the manner 

M, = e-'rtAt [Mt+At + Ct+At] 0 I t I T - At 

where T is the mortgage maturity, M, is the value of 
the MBS, r, is the short-term interest rate, and C, is 
the cash flow (interest plus repayment of principal) at 
time t in the simulation. 

As an alternative to Monte Carlo simulation, 

the technique described in Section I1 can be used to 
value an MBS, as an illustration will show. Consider a 
five-year 10% semi-annual pay mortgage with an ini- 
tial $100 principal prepaid according to the schedule 

R I 10% 

R I 4 %  

0 

Prepayment = 4% I R 510% 

where R is the six-month rate of interest (expressed as 
an annuail percentage rate with continuous com- 
pounding). Prepayments are made only on the semi- 
annual interest payment dates, and the prepayment 
may not exceed the outstanding principal. When R is 
greater than lo%, there are no prepayments; as R 
decreases from 10% to 4%, prepayments increase from 
zero to $50; when R is less than 4%, $50 of the out- 
standing principal is prepaid. 

The term structure evolution is modeled using the 
interest rate model described in Hull and White [1993]. 
In this model the short-term rate of interest, r, obeys 

dr = (O(t) - ar) dt + odz 

This is an arithmetic process s d a r  to the one assumed 
by Ho and Lee [1986], but with mean reversion. 

The drift parameter e(t) is chosen to replicate 
the initial term structure, and the parameters o and a 
determine the volatility structure. The standard devia- 
tion of the short-term interest rate is 0, and the stan- 
dard deviations of longer-term rates decline exponen- 
tially from this value at rate a. For the purposes of our 
example, we assume that the initial term structure is 
flat (at 10% per year, quoted with semiannual com- 
pounding), the short rate volatility is 20%, and the 
volatility of the five-year rate is about 12%. 

An n-time step trinomial tree on the short-term 
rate is constructed to replicate the initial term str~cture.~ 
We let F be the value of the outstanding principal at 
each node in the tree and v be the value of the MBS. 

First, the maximum and minimum possible val- 
ues of F at each node in the interest rate tree are com- 
puted by forward induction through the tree. The set 
of possible Fs is then approximated by m equally 
spaced representative values at each node.6 

At time step n - 1, the value of the MBS is the 
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discounted principal plus interest that will be paid at 
time n: 

At all earlier times t, the value of the MBS is the dis- 
counted expected value of coupon payments, prepay- 
ments, and the residual value of the MBS at t + At: 

In this equation, Qi+l is the coupon rate that 
will be paid at t + At, so that Qi+* equals 0.05 if time 
(i + 1)At corresponds to a coupon payment date, and 
zero otherwise. The variables p,, p,, and pd are, 
respectively, the (risk-neutral) probabilities that the 
short-term interest rate will move along the up (u), 
middle (m), and down (d) branch over the next time 
period At. Px is the prepayment, ifany, that takes place 
on branch x, and Vi+l,jx,kx is the value of the Ml3S on 
branch x given that the principal was F.. and a pre- 
payment P, took place. This value is generally inter- 
polated from known values of ~ ~ + ] , ~ , , k .  

This procedure was implemented for twenty-, 
forty-, sixty-, and eighty-step trees using three, six, 
eleven, sixteen, and twenty-one different values of F at 
each node. Increasing the number of steps in the interest 
rate tree improves the accuracy of replication of the dis- 
tribution of possible future term structures. Increasing 
the number of F-values at each node improves the 
approximation of the function v at each node. 

For comparison purposes, a 10,000-sample 
Monte Carlo simulation was run through each interest 
rate tree to estimate the price of the MBS. For a tree 
of any particular size, a Monte Carlo simulation 
should in the limit perfectly replicate v. 

The results are reported in Exhibit 6.  In gener- 
al, the results are not very sensitive to the number of 
steps in the tree or to the number of F-values consid- 
ered, as long as m 2 6 .  In only one out of sixteen cases 
is the tree estimate more than two standard errors &om 
the Monte Carlo estimate when m 2 6.  Even in that 
case, the discrepancy is only about 3 cents. 

IJ,k 

7 

EXHIBIT 6 
VALUE OF A FIVE-YEAR, lo%, SEMI-ANNUAL PAY 

PRINCIPAL OF $100 
MORTGAGE-BACKED SECURITY WITH AN INITIAL 

m 20 
3 98.3728 
6 98.3121 
11 98.3014 
16 98.2990 
21 98.2984 

Monte 98.2883 
Carlo (0.0171) 
(0.0170) 

Number of Time Steps 
40 60 80 

98.3818 98.3922 98.3935 
98.3065 98.3077 98.3065 
98.2862 98.2836 98.2816 
98.2814 98.2772 98.2747 
98.2795 98.2747 98.2718 

98.2934 98.2821 98.2715 
(0.0171) (0.0168) 

Notes: Prepayments are expected on interest payment dates 
according to the schedule 

R S 10% 
4% I R <lo% 
RI 4% 

0 

Prepayment = 

where R is the six-month rate of interest. The term structure is 
initially flat at lo%, so in the absence of prepayments the MBS 
would be priced at $100. The difference between $100 and the 
value of the MBS is the value of the prepayment option. Monte 
Carlo estimates of the value based on 10,000 samples using the 
control variate technique are included for reference purposes. The 
standard error of the estimate is shown in parentheses. 

The results presented in Exhibits 4, 5, and 6 
were produced using linear interpolation. In other 
words, v is assumed to be linear in F between any two 
computed values. In many instances, the derivative 
security price is a strongly non-linear function of F SO 

that linear interpolation leads to biased results. 
In Exhibit 7 we test the effect of using quadrat- 

ic interpolation to value the mortgage-backed securi- 
ties in Exhibit 6.  The evidence is that quadratic inter- 
polation does produce significant improvements for 
small values of m. 

The procedures suggested here can lead to sig- 
nificant improvements in computer speed. They are 
at least ten times as fast as Monte Carlo simulation for 
the same level of accuracy. In some situations they are 
one hundred times as fast. 
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EXHIBIT 7 
VALUE OF A FIVE-YEtbw, lo%, SEIW--h"UAL 
PAY MORTGAGE-BACKED SECURITY WITH AN 
INITIAL PRINCIPAL OF $100 WHEN QUADRATIC 
hI'ERIpOLATION IS USED 

Number of Time Steps 
m 20 40 60 
3 98.2924 98.2722 98.2636 
6 98.2973 98.2794 98.2739 

11 98.2976 98.2775 98.2718 
16 98.2975 98.2774 98.2715 
21 98.2974 98.2773 98.2714 

Monte 98.2883 98.2934 98.2821 
Carlo (0.0171) (0.0171) (0.0168) 

80 
98.2599 
98.2704 
98.2685 
98.2681 
98.2679 

98.2715 
(0.0170) 

Notes: Parameter values are as in Exhibit 6. The table shows that 
quadratic interpolation produces an improvement in accuracy for 
s m a l l  values of m. 

N. CONCLUSIONS 

We have explored a method of using the CRR 
binomial tree to value a wide range of path-dependent 
options on stocks, currencies, in.dexes, and futures 
contracts. The method can be extended to value path- 
dependent interest rate derivatives such as mortgage- 
backed securities, if the evolution of the term struc- 
ture is modeled using a binomial or trinomial tree. 

One important application is to the pricing of 
a class of options that have up to now not been 
amenable to numerical analysis. These are American 
options where the payoff depends on the arithmetic 
average of an asset's price. Another important applica- 
tion is to mortgage-backed securities and indexed- 
principal swaps. 

A key assumption in our analysis is that the 
value of the path fknction, F, at time t + At can be 
calculated from its value at time t and the asset price at 
time t + At. O f  course, this assumption does not hold 
for all path-dependent options. For example, it does 
not hold for American options where the payoff at 
time t depends on the average price of the asset over 
the previous six months. More generally, it does not 
hold when the average at time t is calculated between 

t - z and t for a fixed Z. The pricing of these types of 
options presents ongoing challenges for analysts. 

ENDNOTES 

'Note that we are assuming here that the first of the 
two conditiomjust given holds; that is, we are assuming that 
the value of F at time (i + l)& can be calculated fiom the 
value of F at time iAt and the value of S at time (i + 1)At. 

"e make this choice because S follows geometric 
Brownian motion. In other situations, other choices to span 
the range of possible values of F may be more appropriate, 
and some trial and error may be necessary to determine a 
good way of specdjmg the Fs. 

3Formally, the calculations are as follows. If 
S(0)e"'lh is the highest value of F considered at time at, 
the highest value considered at time (i f 1)At is the smallest 
value of ni for which 

(i + l)emIh + ui+l 
i + 2  

e"' > 

Similarly if S(0)e"'2h is the lowest value of F considered at 
time At, the lowest value considered at time (i + 1)At is 
the largest value of m for whch 

> e"' 
(i + 1)e"'lh + d"' 

i + 2  
4We do not incorporate the Edgeworth series 

adjustment suggested by Turnbull and Wakeman [1991]. 
An altermtive analytic approximation for calculating the 
prices of European options on the arithmetic average has 
been suggested by Cumn [1992]. This involves condering 
the probability distribution of the arithmetic average condi- 
tional on the geometric average. In the limit, our proce- 
dure will give more accurate European option prices than 
acy analytx approximation. 

5See Hull and White [1993] for the details of the 
construction of the interest rate tree. An interest rate tree is 
analogous to a CRR tree for stock prices. The principal d& 
feaence is that the discount rate varies from node to node. 

6Here it proves appropriate to use equally spaced 
values of F. Note that we use a refinement of the proce- 
dure described in Section 11. The maximum and minimum 
F-values that are considered vary from node to node as well 
as fiom time to time. 

'At any time and interest rate, we are approximat- 
ing the true value of the NLBS, v(F) for F,, I F 5 F-, by 
interpolating between a limited number of estimates of the 
value, ?(Fi), i = 1, 2, ..., m. For one type of MBS, the 
prepayment is defined as a proportion of the principal cur- 
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rently outstanding. In this case v(kF) = kv(F) and v(F) can 
be approximated from a single point estimate, G(F1). AU 
problems of path-dependence can be avoided for this type 
of MBS by using the tree to calculate at each node the 
value of an MBS with $1 of principal at the node. 
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